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ABSTRACT. We study the asymptotic behaviour of the well-known Dykstra’s algorithm.
We provide an elementary proof for the convergence of Dykstra’s algorithm in which the
standard argument is stripped to its central features and where the original compactness
principles are circumvented, additionally providing highly uniform computable rates of
metastability in a fully general setting. Moreover, under an additional assumption, we
are even able to obtain effective general rates of convergence. We argue that such an
additional condition is actually necessary for the existence of general uniform rates of
convergence.
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1. INTRODUCTION

Many problems in convex optimization can be stated in terms of finding a point in the
intersection of a family of convex and closed sets, what is known as the convex feasibility
problem:

(CFP) find some point = € ﬂ Cj,
jeI

assuming a priori that ﬂje ;C; # 0, ie. the problem has a solution (is feasible). The
study of such problems first appeared in connection with constraints defined by linear
inequalities and where the feasibility set is the intersection of half-spaces. Since then the
general problem has been the subject of much research due to its broad applicability in
applied mathematics — e.g. in statistics, partial differential equations (Dirichlet problem
over irregular regions), solving linear equations (Kaczmarz’s method), image or signal
restoration, and computed tomography. For further discussions we refer the reader to the
surveys [2, 8].

One of the most successful and well-known techniques to iteratively approximate a
solution to the CFP is von Neumann’s method of alternating projections (MAP). For a
subspace V, let Py denote the orthogonal projection map onto V.

Theorem 1.1 (von Neumann [17]). Let Vi, Va be two closed vector subspaces of a Hilbert
space X. Then, for any point xg € X the iteration defined by

Tp+1 = PV1PV2 (.’En)
converges strongly to Py, v, (o).

The original proof by von Neumann doesn’t generalize immediately to more than two
subspaces. This was overcome by Halperin who extended the convergence result to a finite
number of subspaces.
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Theorem 1.2 (Halperin [18]). Let Vi, -+, Vi be m > 2 closed vector subspaces of a
Hilbert space. Then, for any point xo € X the iteration defined by
(MAP) Tnt1 = Py, -+ Py, (zn)

converges strongly to Pﬂ}":l Vj(ﬂfo)-

The convergence of (MAP) holds more generally when the sets V; are affine subspaces
(i.e. translates of subspaces) provided that their intersection is nonempty. Elementary
geometric proofs of Theorems 1.1 and 1.2 can be found in [33] and [341]. However, if the
sets are just assumed to be closed and convex then the situation is more delicate. In 1965,
Bregman established weak convergence of von Neuman’s method in the general setting.

Theorem 1.3 (Bregman [6]). Let Cy,--- ,Cy, be m > 2 closed convex subsets of a Hilbert
space such that ﬂ;nzl Cj # 0. Then, (MAP) converges weakly to a point in the intersection.

In 2004, Hundal [19] gave a counterexample (where the sets consist of a closed hyper-
plane and a closed convex cone in ¢2(N)) for which the iteration indeed doesn’t converge
in norm (see also [36]). Moreover, there are very easy examples of convex sets where
(MAP) converges strongly to a point in the intersection but such point is distinct from the
projection of xy. A different iterative scheme was proposed by Dykstra that does converge
strongly to the projection of zg in the general setting of the convex feasibility problem.

Consider C1,---,C,, to be m > 2 closed convex subsets of a Hilbert space with
nonempty intersection. For n > 1, let C,, denote the set Cj, where j, := [n — 1] + 1
with [r] := r mod m, and let P, denote the metric projection onto C,,. For z¢p € X an
initial point, Dykstra’s cyclic projections algorithm is defined recursively by the equations

D) zg € X and Vn > 1 %= Po(Zn—1 + Gn-m)
qf(mfl) =-.--=qo = 0 Qn = Tp—1+ Qn—-m — Tn

In 1983, Dykstra [15] proved the strong convergence in the particular case when all the
sets are closed convex cones of a finite dimensional Hilbert space. The result was later
extended to the general setting by Boyle and Dykstra [5].

Theorem 1.4 (Boyle-Dykstra [5]). Let Cy,---,Cy, be m > 2 closed convex subsets of a
Hilbert space such that C := ()L, C;j # 0. Then, for any point xo € X the iteration (zy,)
generated by (D) converges strongly to Po(xg).

When the C;’s are closed vector subspaces (or more generally, closed affine subspaces),
the projection is a linear map and it is easy to see that the scheme (D) reduces to (MAP).
It may be helpful to think of Dykstra’s algorithm as operating in stages: it starts with

some initial guess zo € X and by setting auxiliary terms q_,,—1), ", ¢-1, qo to zero. One
is then able to compute z1,--- ,x,,. Using these points, we can now update the values
of the auxiliary terms, namely computing ¢i,--- , ¢n. After this, the process repeats and

will approximate in norm the projection of xy onto the feasibility set.

Dykstra’s cyclic projections algorithm is an attractive method for strongly approximat-
ing the intersection of closed convex sets in a Hilbert space as, while it converges to the
feasible point closest to xg, it only requires knowledge about the projections onto the
individual convex sets C;j. However, contrary to (MAP) not much is known regarding its
quantitative information. For the particular case when the sets C; are closed half-spaces,
i.e. the intersection is a polyhedral subset of X, Deutsch and Hundal [10] obtained rates
of convergence for (D) (see [9] and the references therein for further discussions on rates
of convergence and their applications). Strikingly, in the case of m = 2 the rate doesn’t
depend on the initial point but only on an upper bound on its distance to the intersection.

In this paper, we analyse the asymptotic behaviour of Dykstra’s algorithm and provide
highly uniform quantitative information in the general setting of Theorem 1.4.
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When analysing the convergence of the sequence (x,), one considers the equivalent
Cauchy formulation

(1) Ve >03n e NVi,j>n(|r; — ] <e).

Effective rates of convergence, i.e. a computable function giving a witness to the value of
n in (), are in general excluded (as per the fundamental work of Specker [13]). Proof-
theoretical considerations (see [23]) guide us to the next best possible thing

(1) Ve >0Vf:N—=>N3IneNVi,je[nn+ f(n)(|e—z; <e),

where [n;n+f(n)] = {n,n+1,--- ;n+f(n)}. The statement (1) is noneffectively equivalent
to the Cauchy property of the sequence. This reformulation of (1) is long known to
logicians as Kreisel’s no-counterexample interpretation and was popularized by Terence

Tao under the name of metastability [15, 16]. In line with such terminology, a function
that given € > 0 and f € NY outputs a bound on n in (1) is called a rate of metastability.
General logical metatheorems (e.g. [16, 22]) guarantee the existence of such rates provided

the proof of the convergence statement can be formalized in certain formal systems’.

We provide a quantitative analysis of the proof in [3] which follows closely the arguments
originally given by Boyle and Dykstra [5]. Through our quantitative analysis, it was
possible to remove the compactness principles crucial in the original proof and, in this
way, obtain effective rates of metastability in the general setting of the convex feasibility
problem. Moreover, our quantitative results are a true finitization of Theorem 1.4, in the
sense that the infinitary result is fully recovered. In this way, we provide an elementary
proof for the convergence of Dykstra’s algorithm. Mathematicians naturally prefer rates
of convergence to rates of metastability. However, in full generality they are usually
unavailable. Furthermore, when such rates are actually available, they are frequently
sensitive to the parameters of the problem. In this case, one would expect a rate of
convergence to depend on the specifics of the underlying space, of the convex sets and on
the initial point on which the iteration is initiated. This should be compared with the
uniformity exhibited by the rate of metastability obtain in Theorem 3.11: it only depends
on the number of convex sets and on a bound to the distance of xy and the intersection
set. For the general case augmented with a regularity assumption on the convex sets, we
show that it is possible to obtain uniform rates of convergence. From this, we derive rates
of convergence for the case of basic semi-algebraic convex sets in R™ (which in particular
covers the polyhedral case in finite dimension). We furthermore argue that the setting
with this regularity assumption is actually the only one where uniform rates of convergence
are possible, in particular, encompassing the rate of convergence obtained by Hundal and
Deutsch for the polyhedral case when m = 2.

The quantitative study in this paper is set in the context of the ‘proof mining’ program
([23], see also the recent survey [28]) where proof-theoretical techniques are employed to
analyze prima facie noneffective mathematical proofs with the goal of obtaining additional
information. With a broad range of applications, the proof mining program has been
in particular very successful in the study of results in convex optimization. A closer
connection with the CFP can be found in its applications to splitting methods e.g. [11,

, 13, 35], in particular in the previous studies of (MAP) in [26]. An important work
was the analysis of Bauschke’s solution to the zero displacement problem [!] regarding the
potentially ‘inconsistent feasibility problem’ in [27], as well as the quantitative studies of
generalizations of Bauschke’s result in [11, 412] carried out in the underlying context of the
proof mining program.

All these previous works point to the usefulness of proof mining and of logic-based
techniques in the study of the convex feasibility problem and connected methods (see e.g.

IThe class of such admissible proofs is (in practice) very large, encompassing in particular most proofs
in classical analysis.
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the recent [32]). That being said, we remark that such perspective and techniques only
operate in the background and that the central theorems are presented in a way which does
not assume any prior knowledge of logic on the reader. Nevertheless, we allow ourselves
some simple logical remarks in the final section of the paper, which we think may be of
particular interest to logicians and the more inquisitive mathematicians.

2. PRELIMINARIES AND LEMMAS
2.1. Quantitative notions. Let (z,) be a Cauchy sequence in a normed space (X, | -||).
Definition 2.1. We say that a function 6 : (0,00) — N is a Cauchy rate if

Ve > 0 Vi > 0) (s — o] < ).

If the sequence (x,) converges to some point z € X (e.g. if the space is complete), then
any Cauchy rate will also be a rate of convergence towards z, i.e.

Ve>0Vi>0(e)(|lzi—z|| <e).

Considerations from computability theory [13] tell us that effective Cauchy rates are in
general excluded, and one thus looks at an equivalent but computationally weaker refor-
mulation.

Definition 2.2. We call a function © : (0,00) x NN — N a rate of metastability if
Ve >0Vf:N=N3In<O(,f) Vi,je nn+ f(n)] (||z; — 4] <e),
where [n;n+ f(n)] :={n,n+1,--- ,n+ f(n)}.
The following result is folklore (see e.g. [30]).

Proposition 2.3. A function 6 : (0,00) = N is a Cauchy rate if and only if the function
© : (g, f) — 0(¢) is a rate of metastability.

2.2. Lemmas. Throughout, let (X, (-,-)) be a real Hilbert space with inner product (-, )
and norm || - || := 1/(,-). We also use the notation [a;b] := [a,b] "N and N* := N\ {0}. In
this subsection we collect known results and prove some useful technical lemmas. Recall
the following characterization of the metric projection, known as Kolmogorov’s criterion.

Proposition 2.4 ([3, Theorem 3.16]). Let C' be a nonempty closed convex subset of X.
Then, every point u € X has a unique best approrimation on C, which we denote by
Pc(u) and call the projection of u onto C. Furthermore, Pc(u) is the unique element of
C satisfying

Vy e C ((u— Fo(u),y — Po(u)) <0).

We shall require a quantitative version of the proposition above. The first quantitative
studies on the metric projection featured in [24] and [25]. The version used here follows
the formulation proven in [17, 37]. In [I3], it was used in an ‘c/d-formulation’ for the
general nonlinear setting of CAT(0) spaces. Let B,(p) denote the closed ball of radius
r >0 centred at p € X, i.e. B.(p) :={z € X : |z —p|| <r}.

Proposition 2.5. Given u € X, let b € N* be such that b > ||lu — p|| for some point
p € NjL, Cj. For any e > 0 and function § : (0,00) — (0,00), there exist n > B(b,¢,0)
and z € By(p) such that Njey |z = Pi(z)|| < 6(n) and

vy € Bop) | A ly—Pi@) <n—(w—zy—z)<e|,
j=1
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2

where B(b,e,0) = %b with
s 4p2 - £2 ¢2
Y mln{(5 (1).2_[62—‘} and 0(§) : mln{5<24b) 24b},f07’cmyf>0.
The proof of this result is an easy modification of the one in [13] regarding common

(almost-)fixed points of two nonexpansive maps to common (almost-)fixed points of m
projection maps. Indeed, it is clear that the result holds mutatis mutandis for any finite
number of nonexpansive maps (and so for metric projections in Hilbert spaces). In order
to convince the reader, we nevertheless include a proof. First, we require the following
two technical lemmas essentially due to Kohlenbach [25].2

Lemma 2.6. Let C be some convex bounded subset of a normed space and D € N* be a
bound on the diameter of C. Consider a nonexpansive map T : C — C. Then,

2
Ve > 0 Vry,20 € C (l_/\l |wi — T(x;)]| < 122D — Vt € [0,1] (Jlwe — T'(wy)]| < 8)) ,
where wy := (1 — t)z + ty.
Lemma 2.7. Let X be a normed space and for x,y € X and write w; := (1 — t)x + ty,
fort €[0,1]. Then, for any u,z,y € X
Ve € (0, 5] (Vt € [0,1] <\u —z||* < |ju—we|]® + ;22) — (u—z,y—z) < E) ,
where D € N* is such that D > ||z — y||.

Proof of Proposition 2.5. Let ¢ > 0 and a function 6 : (0,00) — (0,00) be given. We
structure the argument in two central claims. 3
Claim 1. There exist 7 > ¢ and @ € By(p) such that \7", ||z — P;(2)|| < 0(n) and

82

vy € Bylp /\||y Pl <0 — llu =l < -yl + =

Proof of Claim 1. Assume towards a contradiction that for all n > ¢ and = € By(p)
such that A7, [l — Pj(z)|| < o(n),

2

2 2 ¢
1) WeB /\ ly = Pl < A =yl < flu—al? —
We then define a finite sequence zg,- - - , z, with r := {%ﬂ as follows. Take zy to be p.

In particular, zg € By(p) and ||z9 — Pj(20)|| < 6 (1) for all j € [1;m]. Consider that for
i <1 —1, we have z; € By(p) such that ||z; — Pj(z)| < 67~9(1) for all j € [1;m]. Then,
by (1) there is some y € By(p) such that

E2

m
A lly = Pity)ll < 507D (1) and flu = gl2 < fju— 2] — 2.
We define z;,1 to be one such y. By construction ||u — z;11||% < |Ju — z]|? — ¢/4b? for all
¢ < r, and so we obtain

g2 ,  4bt g2

2 2 _
lu—zr|" < flu = 2ol —begﬁb T ol

2Despite some optimization of constants, the results are established as in [25, Lemmas 2.3 and 2.7].
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which is a contradiction and concludes the proof of the claim. |

In the following, consider 19 > ¢ and = € By(p) as per Claim 1, and define n; := QanQb which
is bounded below by B(b, ¢, ).
Claim 2. For all y € By(p) and t € [0, 1],

2

m

€
N ly =Pl <m = llu =zl < flu—w]® + 5.
j=1

Proof of Claim 2. By the definition of the function 8, we have in particular that
m
A llz = Py(@)|| < m.
j=1

Now, if we consider y € By(p) such that ||y — Pj(y)|| < m for all j € [1;m], then we can
apply Lemma 2.6 (with D = 2b) to each of the projection maps restricted to By(p) to
conclude that AL, [[wy — Pj(we)|| < mo. By convexity, wy € By(p) and the result follows
by the assumption on 79 and =x. |

By definition of 4, we have Njy |z — Pj(x)|| < 0(m), and an application of Lemma 2.7
(with D = 2b) concludes the proof. O

We will make use of the following two technical lemmas. The first lemma is a quanti-
tative version of the fact that any summable sequence of nonnegative real numbers must
convergence towards zero.

Lemma 2.8. Let (a,) € (% (N) and consider B € N such that " a, < B. Then,
Ve>0Vf:N—=>N3In<VU(B,g, f)Vie [n;n+ f(n)(a; <e),
where (B, e, f) := fB(0) with f(m) :=m+ f(m)+1 and R := LgJ

Proof. Let ¢ > 0 and f: N — N be given. Assume towards a contradiction that

Vn < U(B,e, f) di € [m;n+ f(n)] (a; > ¢).

Using this assumption, we recursivelvy construct (R + 1)-many distinct indices ig,--- ,ir
such that i, € [f(r)(0); f(r)(0) + f(f(r)(0))] and a;, > e. Then

o0 R

> ai>) a, > (R+1)e> B,

=0 r=0
which is a contradiction. g

The next lemma corresponds to a quantitative version of [3, Lemma 30.6] (which itself
is a variant of a technical lemma proved by Dykstra).

Lemma 2.9. Let (a,) € (% (N) and consider B € N such that " a2 < B. For all n € N,
set sp =y p_oak, and let m > 2 be given. Then,
((m+1)B)2
lim 8, (S, — Sp—m—1) = 0 with liminf -rate ¢pg(m,e, N) := {e c J (N +1),
1.€.
Ve >0 VN €N 3In € [N;N + ¢pp(m,e,N)| (sn(sn — Sn—m—1) < €).
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Proof. Let N € N and € > 0 be given, and shorten ¢ = ¢p(m,e, N). Using the Cauchy-
Schwarz inequality, we have for all n € N

Assume towards a contradiction that for all n € [max{N, m}; N + ¢| we have

n
9

(3) Sn — Sp—m—1 = . Z a; > W

1=n—m

Then, again by the Cauchy-Schwarz inequality, for all n € [max{N,m}; N + ¢|, we have

62 n 2 n

i=n—m i=n—m
Note that, by the integral test, the definition of ¢ entails

N+¢ 2 2
1 N 2 1B
>log< +o+ >>(m+2) 5
g

7Nn+1* N+1

and so we derive the following contradiction
N+¢ 2 N+¢ ( n

m N+¢
(m+1)2352ﬁ<2 (m+1)z ) (m+1) 222 < (m+1)?B.

i=N
Hence there is some n € [N; N + ¢] such that (3) fails, and by (2) the result follows. O

=n—m

3. MAIN RESULTS

For the remaining sections, let zop € X be given and consider (z,) to be the iteration
generated by (D). We start with some facts that follow easily from the definition of the
algorithm.

Lemma 3.1. For all n € N*:
(Z) l’n 1~ 2Tn =4n — 4n—m,;

(m) T E C and ¥z € Chn ({(xy, — 2,qn) > 0),
v)

(1) (Tn — Tptm, qn) > 0.
Proof. Let n € N* be given. Fact (i) follows immediately from the definition of ¢,. Now,
from (i) we easily derive (i7). Indeed,
n n n n—m
PRI P SR o
k=1 k=1 k=1 k=—(m—1)
n n—m n
=D %= = )
k=1 k=1 k=n—m+1
The definition of x,, entails (iii) using the definition of ¢, and the characterization of the
metric projection in Proposition 2.4. Finally, point (iv) is an immediate consequence of
(’Lll) as Tp4m € Cner = C] = Cjn = Cn ]

n+m

We also have the following useful inequality.

n n—1
Lemma 3.2. Foralln e N, Y |lgull < > llzk — zps1l-
k=n—m+1 k=0
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Proof. We argue by induction on n € N. Since q_¢,,—1) = --- = go = 0, the base case
n = 0 is trivial. For the induction step,

n+1 n
o lali= > lall + lansall = lgn-ml
k=n—m+2 k=n—m+1
m ! n
< D llek = zeall + lgnsr = Guri-mll = Y ok — 24,
k=0 k=0
using Lemma 3.1.(7). This concludes the proof. O

We now prove the main equality used throughout Dykstra’s proof.

Lemma 3.3. For all z € X and i,n € N with i > n,?

i—1

lzn = 201 =llzi — 217+ > (l2k = Trral + 2(@homs1 — Tht1, Ghooms1))

k=n
% n
(4) +2 Z <xk_Z>Qk> -2 Z <3§'k—2,Qk>,
k=i—m+1 k=n—m+1
and in particular
n %
(5) lzi = 21° < llon = 2P +2 > (@we—za) =2 Y (w—2zaq)
k=n—m+1 k=i—m+1

Proof. The proof of identity (4) is by induction on i. The base case i = n is trivial. For
1+ 1, we first see that

<9Cz'+1 — 2, 4qi+1 — Qi+1—m> = <l‘z‘+1 - Z7q@'+1>
— ((Tit1 — Ticma1: Gimmt1) + (Zicms1 — 2, Gimms1))
= (Ticm+1 — Tit1s Gimm+1)

+ (Tit1 — 2, ¢it1) — (Ticmt1 — 2 Gimm+1),

and so, using Lemma 3.1.(4)

z; — 2]1* = ((zip1 — 2) + (2 — it1), (Tig1 — 2) + (2 — Tiy1))
= ||lzit1 — 212 + |5 — zig1 I + 2{@ip1 — 2,25 — Tig1)
= [lzigr — 2l + |z — zipa|? + 2(xis1 — 2, qi1 — Gir1-m)
= [lzigr — 2l + |z — zir1|* + 2(@imi1 = Tit1, Gimms1)

+2(zir1 — 2, ¢ig1) — 2Timmt1 — 2, Gimmt1)-

3Here one considers T_(m-1)," " ,T—1 arbitrary points in X.
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We can now verify the induction step,

i—1
IH
lzn = 201* = lles — 212 + D (loe — 2 l® + 208k —mi1 — Thr1, Ghome))
k=n
% n
k=i—m-+1 k=n—m+1

= (st = 21+ s = il + 2@ mir = i1, Gimsn)

+ 2(Zit1 — 2, Qig1) — 2(Timmy1 — 2, Qifm+1>>

i—1
+ Z (Hl’k - $k+1H2 + 2(Th—mt1 — Thi1, Qk—m+1>)
k=n
% n
+20>  wm—na) =2 Y (@ — )
k=i—m+1 k=n—m+1

i
= ||@iy1 — 2| + Z (lzx = 2ot ll® + 2(Th—mt1 — Ths1, Gommet1))

k=n
1+1 n
+2 Z <$k—Z,Qk>—2 Z <xk_Z7Qk>7
k=i—m-+2 k=n—m-+1

which concludes the induction and proves (4). To verify (5), just note that the terms in
the first sum are all nonnegative. O

The assumption of feasibility, ﬂ;nzl C; # 0, now entails that the iteration (x) is
bounded and Y || — wx11]|> < oo. For the sequel, we fix some point p € N1 Cj
and a natural number b € N* such that b > ||zo — p||.

Lemma 3.4. For all n € N,

n
lzn — p|| < b and Z 2 — 2pen | < 0%
k=0

Proof. The result follows immediately from (4) and (5) with 2 = p and n = 0 using
Lemma 3.1.(i77) and the fact that 22:_(,”_1)(3% —p,qx) =0. O

Using Lemma 2.9, we derive a lim inf-rate for the first step in the convergence proof of
Dykstra’s algorithm.

Proposition 3.5. We have lim,, ZZ:n—m—l—l (xp — xn,qx)| = 0, and moreover, for all
e>0and N €N,
n
(6) In e [N;N+<D(b,m,s,N)]< > ok — n, ar)l §5>,
k=n—m+1

where ®(b,m,e, N) := ¢p2(m, e, N), with ¢ as defined in Lemma 2.9.

Proof. Let ¢ > 0 and N € N be given. As we have seen Y ||z — zx11]|? < b? and so we

can apply Lemma 2.9 (instantiated with a,, = ||z, — Tp+1]| and B = b?) to conclude that
there is n € [N; N + ®(b, m, e, N)] such that

n n
( >l - ka+1H> : <Z [k — $k+1H> = (8n — Sn—m)sn < €.
k=0

k=n—m-+1
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By triangle inequality, for all k € [n —m + 1;n),

n—1 n—1
ok =zl <D Ml =zl < Y llee— el
=k l=n—m-+1

and thus using Cauchy-Schwarz and Lemma 3.2, we get

n n

S e —anad < S aw— 2l - ol

k=n—m+1 k=n—m+1

5( 3 mn)( 5 ||a:e—xe+1u)

k=n—m+1 l=n—m+1

n n
< (zumk—w) ( 5 uxk—xkﬂu) <.,
k=0

k=n—m+1

which, in particular, means that lim, >3\ [{(zx — Zn, qr)| = 0. O

3.1. Asymptotic regularity. Here we discuss the asymptotic regularity of (z,). In the
previous subsection, we saw that > p_g |lzx — zx4+1]|> < b% Hence by Lemma 2.8 we
immediately derive the following result.

Proposition 3.6. We have lim ||z, — zp41]| = 0, and moreover
Ve > 0Vf e NN 3n < W2 &% f) Vk € [n;n+ f(n)] (J|og — zra || <€),
where ¥ is as defined in Lemma 2.8.
One can now show the asymptotic regularity with respect to the individual projections.

Proposition 3.7. For all j € [1;m], we have lim ||x,, — Pj(z,)|| =0, and

Ve > 0Vf e NY 3n < alb,m,e, f) Yk € [n;n + f(n) /\H:pk— (zp)|| <€

2
where a(b,m, e, f) := V(b (mil) s f+m—2), with U as defined in Lemma 2.8.

Proof. For given € > 0 and f : N — N, by Proposition 3.6 there is n < «(b,m,e, f) such
that

) wh e frin -+ f(n) +m =2 (x| < 5 )

Consider k € [n;n+ f(n)]. By the definition, we have z}, € Cj, with j, := [k — 1] + 1. For
all i € [0;m — 1], as 254, € Cj,+i from the definition of the projection map P, y;, we have

kie1
2k = Piri(i) | < ok — 2ol < D lwe — zega |
=
k+m—2 c
< ) — <(m—-1)- =
= lze = zgsall < (m = 1) - —— =,

where in the last step we use the fact that [k;k+m — 2] C [n;n+ f(n) +m — 2] and (7).
The conclusion now follows from observing that for any k& € N the cyclic definition of C,
entails {Pj, i :i € [0;m —1]} ={P1, -+, Pn}. O
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Remark 3.8. Note that the previous argument is clearly constructive, and the reason we
only obtain a rate of metastability is due to having only a metastability statement in Propo-
sition 3.6. This is already clear by Proposition 2.3 and the fact that the counterfunction
f only appears in the definition of o when the bounding information from Proposition 3.6
depends on the functional parameter. Indeed, if the conclusion of Proposition 3.6 would
hold with a rate of asymptotic reqularity i,

Ve > 0k 2 $(e) (lan — zarl] < <),

then the same argument would entail a rate satisfying

Ve >0k > P(e) | N loe — P << |,
j=1

with () == (e /(m — 1)).

3.2. Metastability. Here we show the full quantitative version of Theorem 1.4. More-
over, our proof bypasses all of the compactness principles used in the original proof. We
start with an easy remark regarding some of the data obtained so far.

Remark 3.9. The function o (Proposition 3.7) is monotone in ¢,
e<ée = alb,m,e, f) > alb,m,é, f).
The function ® (Proposition 3.5) is monotone in N,
N < N'— ®(b,m,e,N) < ®(b,m,e, N').

We have the following result which plays a central role in bypassing the compactness
principles used in the original argument.

Proposition 3.10. Let € > 0 and a function A : N — (0,00) be given. Then,
In < (b, m,e,A) Iz € By(p)

m n

Allz=Pi@)| <A Az —aal <en D (o —2n,q) <e |,
j=1 k=n—m+1

where y(b,m, e, A) := a(B) + ®-(a(B)) with

_ 52
ﬁ::ﬁ (b7275> )
9

8b(a(n) S (5(77) ) ,A(&(n) + o, (6(77))) } , for alln >0,

a(n) := a(b,m,n,®.), for alln >0,

2

d(n) := min {

2
<I>5(N) :z@(b,m,,N) , for all N € N,

A(k) := min{A(K') : K <k}, for all k € N,
a, B, P are as in Propositions 3.7, 2.5 and 3.5, respectively.

Proof. By Proposition 2.5 with u = zg, there are g > 3 and x € By(p) such that

m

(8) A llz = Pi(@)]| < é(mo)

j=1
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and
&2
9) Vy € By(p /\Ily Pl <mo = (w0 —w,y—a) <
Considering Proposition 3.7 with € = 19 and f = ®., we obtain
ANy < @(1po) Vi € [Nos No + P ( /\ |z — Pi(z:)]| < o

Since (z,,) C Bp(p), by (9) we have Vi € [No; Ny + @E(NO)} ((zo — z,z; — x) < 2/2).
On the other hand, from Proposition 3.5 (with ¢ = % and N = Ny) and the definition
of the function ®., there exists ng € [No; No + ®-(Np)] such that

no 2
e
E <$k_$n0>Qk> S Z
k=ngo—m-+1

At this point, we remark that ng < v(b,m,e,A). Indeed, by Remark 3.9 and as 9 > 8,
ng < No + ®=(No) < @) + @ (@(m)) < a@(B) + e (a(B)) = (b, m,e,A).
The definition of the function d, then entails

5(mo) < A@(mo) + @- (@(m))) < Alno).

Hence, the first and the last term of the conjunction in the result hold true a fortiori, and
it remains to verify that || — x,,|| < e. Note that the definition of § also entails

g2 g2 g2

Sb(@(m) + @-(a(m)) — 8b(No + -(No)) — Sbrg’

d(no) <

Thus, ||z — 2n,||? = (2 — Zng, T — 20) + (T — Ty, To — Tny)
2
£
S ? + <:1: - xnovxo - 'rn0>
g2 —
=5 + Z (x — Tng, Qi) by Lemma 3.1.(i)
k=ng—m+1
g2 no ng
k=no—m+1 k=no—m+1
g2 0
=5+ + Z (Pr(x) —zrqr) + > (v — Pu(x), q)
k=ngo—m+1 ey k=no—m-+1
3e? i
< Ve + Z (x — Pr(x), qx) by Lemma 3.1.(7i1)
k=ng—m+1
3e2 0
<Z b Y - R@I -l
k=ng—m+1

no—1

3e2
< = +00m) Y llex — @il by Lemma 3.2

3e2 3e2 g2
< — 494 2b < —
1 + (o) - no - 1 +8bn0

which gives ||z — zp,|| < € and concludes the proof. O

‘ng - 2b = €2,
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We are now ready to prove the quantitative version of Theorem 1.4.

Theorem 3.11. Let Cy,--- ,Cy,, be m > 2 convex subsets of a Hilbert space X such that
Nj=1 Cj # 0. Let o € X and b € N* be given such that b > ||z —pl| for some p € ;L C;.
Then, the sequence (xy) generated by (D) is a Cauchy sequence and for all € € (0,1] and
f N—=>N,

In < Q(m,b,e, f) Vi, j € [mn+ f(n)] (|lzi — x| <e),

2

where Q(b,m, e, f) := (b, m, &, A, ) with v as defined in Proposition 3.10, & := % and

e2

A p(k) = 48b - max{k + f(k),1}

, for all k € N.

Proof. Let € € (0,1] and a function f : N — N be given. By Proposition 3.10, there are
no < Q(b,m, e, f) and x € By(p) such that

(@) Ajzi llz = Pi(@)] < Ac p(no),

(8) llzny — all <& < 55"

~ 2
(C) Zzozng—m+l<xk - x?’l()? Qk> S £ S iig

In order to verify that the result holds for such ng, we consider i € [ng;ng + f(ng)]. We
assume that f(np) > 1, and thus max{ng + f(no),1} = ng + f(no), otherwise the result
trivially holds. Since i > ng, by (5) and using (b), we have

no 7
i — 2l® < o — 2P +2 > (wp—2qr) =2 > (% —2,qk)
k=ng—m-+1 k=i—m+1
€2 no 7
k=ng—m+1 k=i—m-+1
P ts

Using (b), (¢) and Lemma 3.1.(ii), we get

no no

l1 = Z <xk — Tng, Qk> + Z <xno -, Qk>
k=ng—m-+1 k=nog—m-+1
g2 10 g2
S@‘i‘(.%'no—l’, Z Qk>:478+<xn0—$,$0—$n0>
k=ng—m-+1
2 2 2 2 2
€ € € € €
< o —l <4 2E= S =
S g 2 llame —al s g 2b-E= 242 5 =5

AFor simplicity, we assumed that ¢ € (0, 1] to avoid replacing & with min{e, 1} in the definition of £ and
still have the second inequality in (b).
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and, using (a) and Kolmogorov’s criterion, we get

% 7

to= Y {z—F@)a)+ Y (Pu(x) -k )

k=i—m+1 k=i—m+1 eC,
<0
7 [

< Y @-PR@),a) < D o Pul@)|lllgxl

k=i—m+1 k=i—m+1

7 i—1
<Acp(no) Y llakll < Acp(no) - [k — xkpal by Lemma 3.2
k=i—m+1 k=0
82 €2

<2-i- A p(ng) = 2b-i

Si

" 48b(ng + f(ng)) — 24’

using in the last inequality the fact that i < ng + f(ng). Overall, we conclude that

and thus ||z; — z|| < ¢/2, which entails the result by triangle inequality. O

In contrast with the lack of a full rate of convergence, the reader should note the high
uniformity of the rate of metastability obtained. Our function does not depend on specifics
of the underlying space nor on any additional geometric properties of the convex sets. The
rate only depends on the parameters m > 2 for the number of sets, and b € N* for a bound
on the distance between the initial point and the feasibility set.

Remark 3.12. Theorem 5.11 is a true finitization of Dykstra’s convergence result in the
sense that, besides only discussing properties for a finite number of terms, it implies back
the original statement in a mathematically simple way. Indeed, if the sets are closed,
as the sequence (x,) satisfies the metastability property it is a Cauchy sequence, and by
completeness it converges to some point of the space, say z = limx,. By Proposition 3.7
and continuity of the projection maps Pj, we conclude that z must be a common fized
point for all the projection, i.e. z € ﬂ;nzl C;. It only remains to argue that the limit point
18 actually the feasible point closest to xg. Let C := ﬂ;nzl C; and write Pc(xg) for the
projection of xg onto the intersection. Consider € > 0 to be arbitrarily given and Ng € N
such that ||z, — z|| < min{‘g—i, S} for allm > No (with b as before). As per Proposition 3.5,
we may consider some ng > Ny such that

no 2
e
E <5Uk_l'n0>Qk> S §
k=ng—m-+1

Since z € C, by Proposition 2.4, we also have

62

(Po(x0) — Tng, Po(w0) — w0) < (2 — g, Po(w0) — 20) < b+ |2 — || < 5
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It is now easy to see that
2

€
[P (o) = @nl|* < 5 T (Fo(@0) = Zng, 0 — Tng)
g2 0
=3 + Z (Po(x0) — Tng, qk) by Lemma 8.1.(i1)
k=ng—m-+1
62 1o no
=<+ D @memea+ Y, (Po(@o) - wka)
k=no—m+1 k=ng—m+1

<0, by Lemma 3.1.(ii)
<¥+¥:ff
- 8 8 2/
which entails ||Po(xo) — z|| < e and so, as € is arbitrary, z = Po(xo).

4. RATES OF CONVERGENCE AND REGULARITY

In this section, we study the rate of convergence for Dykstra’s algorithm under a reg-
ularity assumption on the structure of the convex sets. We remark that a regularity as-
sumption on the convex sets C'p, - - - , Cy, is known to allow for rates of convergence already
for simpler iterative methods. As explained in [29, pp 291-292], a solution to the CFP can
be obtained via a Mann-type iteration and, based on the work in [20], rates of convergence
are available under a regularity condition. Moreover, in [29, pp 288] the authors obtained
rates of convergence for (MAP) even in a general nonlinear setting and an extremely fast
rate was given in [29, Corollary 4.17]. However, these studies were concerned with the
interplay between regularity and iterative methods which are Fejér monotone with respect
to the feasibility set. In this context, the study of Dykstra’s algorithm is of particular
interest as the iteration fails to be Fejér monotone and yet it was possible to obtain rates
of convergence.

4.1. The rate of convergence. Denote C := ﬂ;nzl Cj and let p be some point of X. We
call a function g : N x (0,00) — (0, 00) satisfying for all € > 0 and r € N,

(%) Vo € Bo(p) [ Alle = Pj(@)| < prl(e) » 32 € Clla—z2|| <e
j=1
a modulus of reqularity for the sets Cy,--- , Cy, (centred at p). Thus, a modulus of regu-

larity lets us know how close to the individual sets (i.e. y1,(¢)-almost P; fixed point) must
a point be so that we are sure that it is close to the intersection set (i.e. an e-almost Po
fixed point). We refer the reader to [29] where this notion was developed and shown to be
an effective tool for a unified discussion of several concepts in convex optimization.

Remark 4.1. Clearly the conclusion of (%) is equivalent to dist(x,C) < €. Furthermore,
the existence of a modulus of reqularity centred at p (say uP), obviously entails the existence
of a modulus of regularity centred at any other ¢ € X (say u?) — it is easy to verify that
foranyqe X, ut e ,ufH”p_qu (€) works. The choice of the point p is always clear by

the context and so we just write p.

When a modulus of regularity is available, we can actually give rates of convergence for
Dykstra’s iteration.

Theorem 4.2. Consider xg € X and a natural number b € N* such that b > ||zo — p|| for
some p € C. Let p be a function satisfying (x). Then,

Ve >0 Vi, j > O(b,m,e) (||lz; — zj]| <e),
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where O(b,m, e) := a(b,m, pp(€), ) + P (a(b, m, pp(€), D)) with

62

€= oo <I>€(N)—(I>< >f0rallN€N

a, P are as in Propositions 3.’7 and 3.5, respectively.
In particular, (x,) converges with rate ©.

Proof. By Proposition 3.7, there is Ny < a(b, m, up(€), @) such that
Vn € [No; No + ®<( /\ @ — Pj(z)|| < ()

Since (z,,) C By(p), by the assumption (x) on p it follows that
2
(10) Vn € [No; No + ®-(Np)] 3z € C <||xn —z|| < ;2b> .

2
Applying Proposition 3.5 with ¢ = % and N = Ny, we have ng € [No; No + ®-(No)] such

that

no 2
£

> (k= gy k) <
16°

k=no—m-+1
2
By (10), let zp € C be such that ||zg — zp,|| < 395" Thus, for any ¢ > ny,
Z <CCk —$n07Qk> = Z <f17]€ _207Qk>+ Z <ZO _fUnoan)
k=i—m+1 k=i—m+1 k=i—m+1

>0, by Lemma 3.1.(iii)
i
2 <ZO - xnoa Z Qk>
k=i—m+1
= (20 — Tng, T0o — Ti) by Lemma 3.1.(i)
2be? g2

—llz0 = @no || - [|w0 — @il| > 39 = T

Y

Now by (5) with n = ng and z = xy,,

)

no 7
IS

s —angl® <2 30 ok = wng @) =2 D {wk— wno,ak) <
k=ng—m+1 k=i—m-+1

5
which entails that ||z; — 2y, || < 2 and the result follows by triangle inequality. O

In particular, © is also a rate of asymptotic regularity for the sequence (z,) and, by
Remark 3.8, the function ©' : € — O(b,m, —=7) is a rate of asymptotic regularity with
respect to the individual projections.

We now recall the following class of convex sets in R".

Definition 4.3. A set C C R" is called a basic semi-algebraic convex set in R™ if there
exist v > 1 convex polynomial functions g; on R™ such that

C:={zxeN":g(zx) <0,i€[l;7]}.



ON THE FINITARY CONTENT OF DYKSTRA’S CYCLIC PROJECTIONS ALGORITHM 17

We remark that the class of basic semi-algebraic convex sets is a broad class of convex
sets which includes in particular the polyhedral case and the class of convex sets described
by convex quadratic functions. It was observed in [29] that the study of Holderian regu-
larity in [1] entails the existence of a modulus of regularity for basic semi-algebraic convex
sets with respect to compact sets. As such, we immediately have the following example of
application of Theorem 4.2.

Example 4.4. Let Cy,--- ,C,, € R™ be basic semi-algebraic sets described by convex
polynomials g; ; with degree at most d € N, and such that ﬂ;”zl C; # 0. Consider some
p € R". Then, for any r € N there exists ¢ > 0 such that

7 2d—-1)"+1
pr(e) == (e/e) , with o := min {(2)+,B(n - 1)d"} ;
m

n
where B(n) := (Ln/2j> is the central binomial coefficient with respect to n, is a modulus

of reqularity for Cq,--- ,Cy, centred at p.° Hence, by Theorem 4.2 one has a uniform rate
of convergence for Dykstra’s cyclic projections algorithm for basic semi-algebraic conver
sets in R™.

4.2. Regularity. We now argue that a modulus of regularity is a necessary condition for
the existence of uniform convergence rates.

Proposition 4.5. Let zg € X and b € N* be such that b > |[xo —p|| for some p € (,_; C;.
Consider (xy,) the iteration generated by (D) with initial point xo. Then,

m 2
€
Ve >0Vn €N /_\1 20 = Pi(20)| < o = llam — w0l <
Proof. Let € > 0 and n € N be given. Assuming the premise of the implication, by (5)
(with i =n, n =0 and z = x¢), we have

0 n
lzn —zol> <2 > ok —zo,qr) 42 D (o — Tk, i)
k=—(m—1) k=n—m+1
=0
n n
= > (w0 Plzo)sar) +2 Y (Prlwo) —wk, ar)
k=n—m-+1 k=n—m-+1 e,
<0 by LeI;rrna 3.1.(¢41)
<2 Y o — Pulzo)ll - llaell < 2o > lall
k=n—m+1 k=n—m+1
9 n—1

< ;ﬁ kzo 2k — zppa] < €2 using Lemma 3.2,

which entails ||z, — z¢|| < e and concludes the proof. O

Note that the natural proof that the scheme (D) satisfies

Ty € ﬂCb—)VnGN(mn:xo)
j=1

5Which is to a modulus of regularity for C; N --- N Cy, with respect to the compact set B,(p) C R™, in
the terminology used in [29].
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doesn’t require the knowledge that the functions P; are the metric projections, but only
that they are extensional. Since the functions P;, being nonexpansive, have a trivial mod-
ulus of uniform continuity independent of any majorizability assumption, logical consider-
ations make it clear that there must exist a bound which does not depend on the additional
constant b € N. With such perspective, we give an alternative version of Proposition 4.5.

Proposition 4.6. Consider (x,) to be the iteration generated by (D) with some initial
point xg € X. Then,

m
Ve >0 Vn € N* /\ lzo — Pj(z0)| < = ||zn — 20l <€

€
5n—1
Proof. By induction we show the stronger assertion that for all n € N*,

Ve >0 /\||g;0— % (20)|| <

7=1

[Ln] (lzn = 2oll < & Allgw—mll < ¢)

For n =1, we have ¢1_,,, = 0 and
|21 = 2ol = | P1(x0) — w0 < 50 =e.
Assuming that the claim holds for some n € N*, suppose that

_ < —
/\ lzo — Pj(zo)]| 5

By the induction hypothesis, we have
€ €
(1) v’ € (15 (Jlaw — 20l < = Allgw—mll < 5).

and, in particular, we just need to verify the consequent for n’ = n + 1. Let us first focus
on Gnii1—m- If n < m, then gy41-m = 0 and so we assume n > m. We have,
HQn—&—l—mH = Hxn—m + gnti—2m — xn—i—l—mH < Hxn—m - xn—i—l—mH + HQn—&—l—2mH

Since n + 1 —m € [1;n], by (11) we have ||gn+1-2m| < &/5. On the other hand, we have
|Tn—m — Tnt1—ml|| < 2¢/5. Indeed, if n = m then

€ 2e
|Zn—m — Tnt1-mll = [|r0 — 21]| = [[0 — P1(20)]| < RN
If n > m, then n —m, n+1—m € [1;n] and by (11),
2e
|Zn—m — Tnt1-mll < [|Tn—m — 2ol + [[Zns1-m — o] < 5

3e
Overall, we conclude that ||gn+1—m| < = which in particular gives the second conjunct.

It is now possible to verify that

[Zn41 — ol < [|1Pas1(@n + gnt1-m) — Pat1(zo)|| + | Pat1(w0) — ol
<z — 2ol + llant1-mll + | Pas1(zo) — 2ol|
cEu%LE .
-5 5  h
concluding the proof. O

The next result states that the existence of rates of convergence that are uniform for
initial points in By(p), entails the existence of a modulus of regularity for the convex sets.
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Proposition 4.7. Let p € ﬂ;"zl C; =: C. For any b € N, assume the existence of a
common rate of convergence towards the limit Po(xg) for any iteration generated by (D)
with initial point xo € By(p), i.e.

|lzo —pl| <b — Ve >0Vn>p(be)(||rn — Po(zo)] <e).

(b,e) := max < ¢
poe) = 16b - p(b,2/2)’ 2 - 5,0/

18 a modulus of regqularity for the sets Cq,--- ,C,, centred at p.

Then, the function

Proof. Consider ¢ > 0, b € N and = € By(p), and assume that

m 2 _
Al b)) < max{ (o i |

Let (x,) be the iteration generated by (D) with initial point zp := z. Then by both
Proposition 4.5 and 4.6, [|z,@.¢/2) — 2| < g. On the other hand, by the assumption on p,

we have ||z, /2) — Po()]| < % Hence,

e = Po(o)| < |z = 2ppe/2)l + [[2pp,e/2) — Po(@)] <& O

Note that the requirement p € C is tied with Proposition 4.5 and can we can take p
an arbitrary point in X with suitable changes. The key idea of the previous argument is
that a rate of convergence for an iteration which remains constant whenever the initial
point is already in the target set, will entail the existence of a modulus of regularity. An
analogous argument was used in [29, Proposition 4.4] for the case of the Picard iteration
in a metric setting. Indeed, this reasoning can be stated in a general framework, but we
refrain from doing it here and direct the reader to [31, 39].

If a rate of convergence is available but it is sensitive to the initial point, then we obtain
a weaker result (with unclear usefulness).

Proposition 4.8. For any g € X, assume the existence of rate of convergence towards
Pco(xg) for the iteration generated by (D) with initial point g, i.e.

Ve >0 ¥n > plro,) (|2 — Polwo)| < <.
Then,

Ve>0VereX /\Hx—Pj(ﬂﬁ) — [lz — Pe(z)|| <e

<o
/ 2 . 5r(z.e/2)
J=1

For the particular case of the intersection of two half-spaces, Deutsch and Hundal [10]
obtained a rate of convergence for Dykstra’s algorithm which is uniform on the choice of
the initial point depending only on a bound to its distance to the intersection set. By
Propositions 4.7, such situation entails a modulus of regularity for the two half-spaces. In
full generality, but provided there exists a modulus of regularity, Theorem 4.2 guarantees
the existence of uniform rates of convergence. This still leaves open the possibility that no
modulus of regularity exists and yet rates of convergence are available. Such rates would
necessarily be sensitive to the initial point of the iteration — such is the case with the
rates of convergence obtained by Deutsch and Hundal for the general polyhedral case. In
contrast, we obtained rates of metastability in full generality which are uniform in all the
parameters of the convex feasibility problem.
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5. FINAL REMARKS

This quantitative study analyzes the proof of strong convergence of Dykstra’s cyclic
projection algorithm. Although the original proof relies on several strong mathematical
principles, in the end we obtain simple computable metastability rates (primitive recursive
in f in the sense of Kleene [21]) which are highly uniform in the parameters of the convex
feasibility problem. Indeed, our rates only require information on the number of convex
sets m, and an upper bound b on the distance between the initial point and the feasibility
set. Furthermore, under a regularity assumption, we adapt the argument to actually derive
uniform rates of convergence towards the feasible point closest to the starting term of the
iteration. We show that the regularity condition is actually necessary for the existence
of such uniform rates. The regularity assumption comes in the form of a modulus of
regularity p which (informally) guarantees that the point is e-close to the intersection
whenever it is p(e)-close to all the individual convex sets. In the general case, the finitary
version follows through the crucial observation that the role of the weak limit can actually
be replaced by that of a weak version of the projection of xg onto the intersection set. We
show that our main result (Theorem 3.11) is a true finitary version of Theorem 1.4 in the
sense that it only regards a finite number of iteration terms and the full statement is fully
recovered in an elementary way from the quantitative version (cf. Remark 3.12).

This kind of argument is in line with the macro developed in [17]. The ability to establish
the Cauchy property of the iteration without the use of sequential weak compactness
is of paramount relevance as it ensures that the final quantitative bound information
will be of a simple nature (namely, it can be described without the need of Spector’s
bar-recursive functionals [14]). This technique has been applied several times in proof
mining (e.g. in [38, 12, 11]). Moreover, even if one is not concerned with quantitative
information, a simpler proof which bypasses complex comprehension principles (in this
case the arithmetical comprehension required to justify weak compactness) allows for easier
generalizations of the original result (see e.g. the recent [13] where a quantitative approach
allowed to establish a fully new result in a geodesic setting in which weak compactness
arguments, common in Hilbert spaces, are harder to employ). For the case at hand, the
simple quantitative perspective on the convergence of Dykstra’s algorithm allowed for
the recent work in [10] establishing the convergence of Dykstra’s method with Bregman
projections (first introduced in [7]) in general (reflexive) Banach spaces.

Previous eliminations of weak compactness principles were applied to Halpern-type it-
erations and to convergence proofs following a similar common proof structure. However,
Dykstra’s algorithm doesn’t appear to have any connection with the Halpern iteration and
the proof follows a completely different argument. Thus, it was not a priori known if it
would be possible to bypass the compactness arguments crucial in the original proof (see
the extensive proof-theoretical discussion in [39]). Furthermore, regarding the discussion
under a regularity assumption, as is explained in [29], it is known that for Fejér monotone
iterations a modulus of regularity allows one to obtain rates of convergence. Note that in
this case however, Dykstra’s method fails to be Fejér monotone, and still it was possible
to extract uniform rates of convergence. This phenomenon is explained in terms of a gen-
eralized notion of Fejér monotonicity in the recent [31].
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